We discuss the role of the U(1) axial symmetry for the scalar and pseudoscalar meson mass spectrum of QCD at finite temperature, above the chiral transition at T c , using a chiral effective Lagrangian model, which, in addition to the usual chiral condensate qq , also includes a (possible) genuine U(1) A -breaking condensate that (possibly) survives across the chiral transition. The motivations for considering this Lagrangian (and a critical comparison with other effective Lagrangian models existing in the literature) are presented. A detailed comparison between the case N f ≥ 3 and the (remarkably different) case N f = 2 is performed. The results obtained in the case N f = 2 are also critically compared with the available lattice results.
Introduction
It is well known that, at zero temperature, the SU(N f ) ⊗ SU(N f ) chiral symmetry of the QCD Lagrangian with N f massless quarks (the physically relevant cases being N f = 2 and N f = 3) is spontaneously broken down to the vectorial subgroup SU(N f ) V by the condensation ofpairs, i.e., by the nonzero value of the vacuum expectation value≡ N f l=1 q l q l (the so-called chiral condensate), and the N 2 f − 1 J P = 0 − mesons are just the Goldstone bosons associated with this breaking (see, e.g., Ref. [1] and references therein). One expects that this scenario not only holds for massless quarks, but also continues for a small quark mass region, in which the Goldstone bosons become pseudoGoldstone bosons, with small (if compared with other hadrons) nonzero masses. The chiral condensateis an order parameter for the chiral symmetry breaking: at high temperatures, the thermal energy breaks up thecondensate, leading to the restoration of chiral symmetry for temperatures above the chiral phase transition temperature T c , defined as the temperature at which the chiral condensategoes to zero (in the chiral limit m 1 = · · · = m N f = 0). From lattice determinations of, it is known (see, e.g., Refs. [2] ) that this critical temperature is of the order T c ∼ 150÷170 MeV and practically equal to the deconfinement temperature T d , separating the confined (or hadronic) phase at T < T d , from the deconfined phase (also known as quark-gluon plasma) at T > T d . But this is not the whole story, since, in addition to the SU(N f ) ⊗ SU(N f ) chiral symmetry, QCD with N f massless quarks also has a U(1) axial symmetry (at least at the classical level) [3, 4] . This symmetry is broken by an anomaly at the quantum level, which in the Witten-Veneziano mechanism [5, 6] plays a fundamental role (via the so-called topological susceptibility) in explaining the large mass of the η ′ meson.
The role of the U(1) axial symmetry for the finite temperature phase structure has been not well understood so far. One expects that at very high temperatures also the U(1) axial symmetry will be (effectively) restored (since, at least for T ≫ T c , the density [in the partition function] of the instanton configurations, responsible for the U(1) A breaking, are strongly suppressed due to a Debye-type screening [7] ); but it is still an open question of hadronic physics whether the fate of the U(1) chiral symmetry of QCD has or has not something to do with the fate of the SU(N f ) ⊗ SU(N f ) chiral symmetry. This question is surely of phenomenological relevance since the particle mass spectrum above T c drastically depends on the presence or absence of the U(1) axial symmetry. From the theoretical point of view, this question can be investigated by comparing the behavior at nonzero temperatures of the two-point correlation functions for the followingmeson channels (we consider for simplicity the case of N f = 2 light flavors) [8, 9] : the isoscalar (I = 0) scalar channel σ (also known as f 0 in the modern language of hadron spectroscopy), interpolated by the operator O σ =qq; the isovector (I = 1) scalar channel δ (also known as a 0 ), interpolated by the operator O δ =q τ 2 q; the isoscalar (I = 0) pseudoscalar channel η, interpolated by the operator O η = iqγ 5 q; and the isovector (I = 1) pseudoscalar channel π, interpolated by the operator O π = iqγ 5 τ 2 q. Under SU(2) A transformations, σ is mixed with πr;: thus, the restoration of this symmetry at T c requires identical correlators for these two channels, which implies, in particular, identical chiral susceptibilities,
, and identical (screening) masses, M σ = M π . Another SU(2) chiral multiplet is (η, δ). On the contrary, under U(1) A transformations, δ is mixed with π, so, an effective restoration of the U(1) axial symmetry should imply that these two channels become degenerate, with identical correlators and, therefore, with identical chiral susceptibilities, χ δ = χ π , and identical (screening) masses, M δ = M π . Another U(1) chiral multiplet is (σ, η). (Clearly, if both chiral symmetries are restored, then all σ, π, η, and δ correlators should become the same.)
In this paper, we shall analyze the scalar and pseudoscalar meson mass spectrum, above the chiral transition at T c , using a chiral effective Lagrangian model (which was originally proposed in Refs. [10, 11, 12] and elaborated on in Refs. [13, 14, 15] ), which, in addition to the usual chiral condensate, also includes a (possible) genuine U(1) Abreaking condensate that (possibly) survives across the chiral transition at T c , staying different from zero at T > T c . The motivations for considering this Lagrangian (and a critical comparison with other effective Lagrangian models existing in the literature) are presented in Sec. 2. The results for the mesonic mass spectrum for T > T c are derived in Sec. 3, for the case N f ≥ 3, and in Sec. 4, for the case N f = 2. Finally, in Sec. 5, we shall summarize the results that we have obtained and we shall make some comments on (i) the remarkable difference between the case N f ≥ 3 and the case N f = 2 and (ii) the comparison between our results and the available lattice results for N f = 2.
Chiral effective Lagrangians
Chiral symmetry restoration at nonzero temperature is often studied in the framework of the following effective Lagrangian [16, 17, 18, 19] (which had been originally proposed to study the chiral dynamics at T = 0 [20, 21, 22] ), written in terms of the (quark-bilinear) mesonic effective field U ij ∼ q jR q iL = q j 1+γ 5 2
where L 0 (U, U † ) describes a kind of linear sigma model:
I is the identity matrix, M = diag(m 1 , . . . , m N f ) represents the quark mass matrix, which enters in the QCD Lagrangian as δL
is an interaction term of the form:
R chiral transformations the quark fields and the mesonic effective field U transform as
where 
It is often claimed (see, for example, Ref. [23] and references therein) that instanton processes, which are known to break the U(1) A symmetry by means of an effective
axial transformation, can be modelled using the interaction term (2.3).
However, as was noticed by Witten [24] , Di Vecchia, and Veneziano [25] , this type of anomalous term does not correctly reproduce the U(1) axial anomaly of the fundamental * Throughout this paper, we use the following notations for the left-handed and right-handed quark fields: q L,R ≡ 1 2 (1 ± γ 5 )q, with γ 5 ≡ −iγ 0 γ 1 γ 2 γ 3 . † For the case of N f = 2 flavors, two other four-point couplings with the same property, i.e., invariant
A , could be considered [16, 19] ; however, these terms are not relevant for the type of analysis that we are going to perform in this paper. theory, i.e., of the QCD (and, moreover, it is inconsistent with the 1/N c expansion). In fact, one should require that, under a U(1) axial transformation (2.5), the effective Lagrangian, in the chiral limit M = 0, transforms as 6) where
is the topological charge density and L ef f also contains Q as an auxiliary field. The correct effective Lagrangian, satisfying the transformation property (2.6), was derived in Refs. [24, 25, 26, 27, 28] and is given by
where For studying the phase structure of the theory at finite temperature, all the parameters appearing in the effective Lagrangian must be considered as functions of the physical temperature T . In particular, the parameter ρ π , appearing in the first term of the potential V 0 (U, U † ) in Eq. (2.2), is responsible for the behavior of the theory across the chiral phase transition at T = T c . Let us consider, for a moment, only the linear sigma model L 0 (U, U † ), i.e., let us neglect both the anomalous symmetry-breaking term and the mass term in Eq. (2.8). If ρ π (T < T c ) > 0, then the value U for which the potential V 0 is minimum (that is, in a mean-field approach, the vacuum expectation value of the mesonic field U) is different from zero and can be chosen to be 9) which is invariant under the vectorial U(N f ) V subgroup; the chiral symmetry is thus spontaneously broken down to 10) and the chiral symmetry is realizedà la Wigner-Weyl. The critical temperature T c for the chiral phase transition is thus, in this case, simply the temperature at which the parameter ρ π vanishes: ρ π (T c ) = 0.
For T > T c , where ρ π < 0 and U = 0, it is convenient to use for the matrix field U the simple linear parametrization 
. . , i.e., we have 2N I, it is more convenient to use for the matrix field U the nonlinear parametrization (polar decomposition) 12) where
are two Hermitian matrix fields, where τ a (a = 1, . . . , N 2 f − 1) are the generators of the SU(N f ) algebra in the fundamental representation, with the normalization Tr(τ a τ b ) = 2δ ab (for N f = 2, they are the Pauli matrices, while for N f = 3, they are the Gell-Mann matrices), and h a , h 0 are scalar mesonic fields, while π a , S π are pseudoscalar mesonic fields, for which the vacuum expectation values vanish (h a = h 0 = π a = S π = 0). Inserting Eq. (2.12) into Eq. (2.2), and making use of Eq. (2.9), we find that the fields π a and S π are massless, and they are just the N 2 f (pseudoscalar) Goldstone bosons generated by the spontaneous breaking of the chiral symmetry down to the U(N f ) V subgroup, while the (scalar) fields h a (a = 1, . . . , N 2 f − 1) and h 0 have nonzero squared masses, respectively, given by M
one is interested, e.g., at T = 0, only in the lowest-energy effective states, i.e., only in the pseudoscalar mesonic excitations, one can formally decouple the massive scalar excitationsH, by taking the limit λ 2 π → ∞, which is a "static," i.e., infinite-mass, limit forH, and thus impliesH → 0. In this limit, the expression (2.12) for the mesonic field U reduces to U =
Fπ Φ , i.e., U U † = 2 I, and the effective Lagrangian with this constraint becomes a nonlinear sigma model. We also observe that the quantity F π , defined in Eq. (2.9) as F π ≡ √ 2v, is just the usual pion decay constant, since the SU (N f ) axial currents turn out to be, using Eq. (2.12),
If we now take into account the anomalous term in Eq. (2.8) (while keeping, for simplicity, the chiral limit M = 0), it is easy to see that, for T < T c , it modifies the result simply by adding a quadratic term in the pseudoscalar singlet field S π ,
from which one derives the famous Witten-Veneziano formula for the singlet squared mass (in the chiral limit):
. However, the anomalous term in Eq. (2.8) makes sense only in the low-temperature phase (T < T c ), and it is singular for T > T c , where the vacuum expectation value of the mesonic field U vanishes. On the contrary, the interaction term (2.3) behaves well both in the low-and high-temperature phases.
A. Effective Lagrangian with the inclusion of a U(1) axial condensate
The above-mentioned problems can be overcome by considering a modified effective Lagrangian (which was originally proposed in Refs. [10, 11, 12] and elaborated on in Refs. [13, 14, 15] ), which generalizes the Lagrangian L 2 written in Eq. (2.7), so that it correctly satisfies the transformation property (2.6) under the chiral group, but also includes an interaction term containing the determinant of the mesonic field U, of the kind of that in Eq. (2.3), assuming that there is a U(1) A -breaking condensate that (possibly) survives across the chiral transition at T c , staying different from zero up to a temperature T U (1) > T c . (Of course, it is also possible that T U (1) → ∞, as a limit case. Another possible limit case, i.e., T U (1) = T c , will be discussed in the concluding comments in Sec. 5.) The new U(1) chiral condensate has the form C U (1) = O U (1) , where, for a theory with N f light quark flavors, O U (1) is a 2N f -quark local operator that has the chiral transformation properties of [4, 29, 30] 
is a genuine 2N f -quark condensate, i.e., it has no disconnected part proportional to some power of the quark-antiquark chiral condensate; the explicit form of the condensate for the cases N f = 2 and N f = 3 is discussed in detail in the Appendix A of Ref. [15] (see also Refs. [12, 31] ).
The modified effective Lagrangian is written in terms of the topological charge density Q, the mesonic field U ij ∼q jR q iL (up to a multiplicative constant), and the new field variable X ∼ det (q sR q tL ) (up to a multiplicative constant), associated with the U(1) axial condensate [10, 11, 12] , 14) where the potential term V (U, U † , X, X † ) has the form
axial transformation, it correctly transforms as in Eq. (2.6).
After integrating out the variable Q in the effective Lagrangian (2.14), we are left with
As we have already said, all the parameters appearing in the effective Lagrangian must be considered as functions of the physical temperature T . In particular, the parameters ρ π and ρ X determine the expectation values U and X , and so they are responsible for the behavior of the theory across the SU(N f )⊗SU(N f ) and the U(1) chiral phase transitions. We shall assume that the parameters ρ π and ρ X , as functions of the temperature T , behave Table 1 : Dependence of the parameters ρ π and ρ X on the temperature T .
as reported in Table 1 ; T ρπ is thus the temperature at which the parameter ρ π vanishes, while T U (1) > T ρπ is the temperature at which the parameter ρ X vanishes (with, as we have said above, T U (1) → ∞, i.e., ρ X > 0 ∀T , as a possible limit case). We shall see in the next section that, in the case N f ≥ 3, one has T c = T ρπ (exactly as in the case of the linear sigma model L 0 discussed above), while, as we shall see in Sec. 4, the situation in which N f = 2 is more complicated, being T ρπ < T c < T U (1) in that case (unless T ρπ = T c = T U (1) ; this limit case will be discussed in the concluding comments in Sec. 5).
Concerning the parameter ω 1 , in order to avoid a singular behavior of the anomalous term in Eq. (2.18) above the chiral transition temperature T c , where the vacuum expectation value of the mesonic field U vanishes (in the chiral limit M = 0), we shall assume that ω 1 (T ≥ T c ) = 0.
Finally, let us observe that the interaction term between the U and X fields in Eq. 20) and, after susbstituting this in Eq. (2.19) and expanding in powers of the excitations h X and S X , one recovers, at the leading order, an interaction term of the form (2.3):
In the rest of this paper we shall analyze in detail the effects of assuming a nonzero value of the U(1) axial condensate X on the scalar and pseudoscalar meson mass spectrum above the chiral transition temperature (T > T c ), both for the case N f ≥ 3 (Sec. 3) and for the case N f = 2 (Sec. 4).
3. Mass spectrum for T > T c in the case N f ≥ 3
The results for the scalar and pseudoscalar meson mass spectrum for T > T c in the case N f ≥ 3 were rapidly sketched in Ref. [10] and, in this section, we shall rederive them in a more detailed and accurate way in order to allow for a more clear comparison with the novel results that we shall obtain in the next section for the case N f = 2.
Let us suppose to be in the range of temperatures T ρπ < T < T U (1) , where, according to Table 1 ,
Since we expect that, due to the sign of the parameter ρ X in the potential (2.15), the U(1) axial symmetry is broken by a nonzero vacuum expectation value of the field X (at least for λ
, we shall use for the field U the linear parametrization (2.11), while for the field X, we shall use a nonlinear parametrization, similar to the polar decomposition in Eq. (2.12),
where X = αe iβ (with α = 0) is the vacuum expectation value of X and a ij , b ij , h X , and S X are real fields. Inserting Eq. (3.2) into the expressions (2.15) and (2.18), we find the expressions for the potential with and without the anomalous term (with ω 1 = 0),
and
where we have assumed the most general (complex) mass matrix M ij = m ij + in ij , with m ij and n ij real. Let us first look for the equations for a stationary point (S) of the nonanomalous potential V , indicating with U and X the values of the fields U and X in this point:
From the first two equations, where we have omitted terms that, for N f ≥ 3, are of order 2 or higher in the fields a and b, we find that, at the leading order in M,
Let us now consider the second derivatives of the potential V with respect to the fields, calculated at the stationary point S:
(3.7)
The first two equations are given at the leading order in the quark masses, and all the second derivatives, which are not shown in Eq. virtue of the result (3.6), also U = U † . Indeed, this is a more general result, not directly related to the particular solution (3.6) (which, as we shall see in the next section, is valid for N f ≥ 3, but not for N f = 2), being due, when M is a real diagonal matrix (or, more generally, when M is Hermitian), to the invariance of the theory under parity (P ) transformations [i.e., being U ij ∼q jR q iL and X ∼ det (q sR q tL ),
, which requires that U = U † and X = X † . From the last of Eqs. (3.5), we thus find that sin β = 0, i.e., β = 0, π, which also implies that
which gives
If we now consider the full potentialṼ , with the inclusion of the anomalous term, see Eq. (3.3), it is trivial to see that the solution that we have found for the minimum of V , given by Eqs. (3.6) and (3.8) with β = 0, is also a minimum for the potentialṼ , the only modification being in the second derivative of the potential with respect to β, which is now given by [see the fourth equation in Eqs. (3.7)]
In particular, in the chiral limit M = 0, we find that U = 0 and
, which means that, in this range of temperatures T ρπ < T < T U (1) , the SU(N f ) L ⊗ SU(N f ) R chiral symmetry is restored so that we can say that (at least for N f ≥ 3) T c ≡ T ρπ , while the U(1) axial symmetry is broken by the U(1) axial condensate X. Concerning the mass spectrum of the effective Lagrangian, we have 2N 2 f degenerate scalar and pseudoscalar mesonic excitations, described by the fields a ij and b ij , plus a scalar singlet field h X = α−α and a pseudoscalar singlet field S X = αβ [see Eq. (3.2)], with squared masses given by
While the mesonic excitations described by the field U are of the usualtype, the scalar singlet field h X and the pseudoscalar singlet field S X describe instead two exotic, 2N fquark excitations of the form h X ∼ det(q sL q tR ) + det(q sR q tL ) and S X ∼ i[det(q sL q tR ) − det(q sR q tL )]. In particular, the physical interpretation of the pseudoscalar singlet excitation S X is rather obvious, and it was already discussed in Ref. [10] : it is nothing but the would-be Goldstone particle coming from the breaking of the U(1) axial symmetry.
In fact, neglecting the anomaly, it has zero mass in the chiral limit of zero quark masses. Yet, considering the anomaly, it acquires a topological squared mass proportional to the topological susceptibility A of the pure YM theory, as required by the Witten-Veneziano mechanism [5, 6] .
4. Mass spectrum for T > T c in the case N f = 2
In this section we shall derive the results for the scalar and pseudoscalar mesonic mass spectrum for T > T c in the case N f = 2, with a quark mass matrix given by M = diag(m u , m d ).
As in the previous section, we start considering the range of temperatures T ρπ < T < T U (1) , with the parameters ρ π and ρ X given by Eq. (3.1) (see also Table 1 ). We shall use for the field U a more convenient variant of the linear parametrization (2.11), while for the field X, we shall use the usual nonlinear parametrization given in Eq. (3.2), * guarantees the correct normalization of the kinetic term in the effective Lagrangian. The fields σ, η, δ, and π describe, respectively, the isoscalar (I = 0) scalarmesonic excitation σ (also known as f 0 in the modern language of hadron spectroscopy), the isoscalar (I = 0) pseudoscalarmesonic excitation η, the isovector (I = 1) scalarmesonic excitation δ (also known as a 0 ), and the isovector (I = 1) pseudoscalarmesonic excitation π.
Inserting Eq. (4.1) into the expressions (2.15) and (2.18), we find the following expression for the potential V , without the anomalous term,
2) * Here, we immediately put β = 0, since, as one can easily see, the arguments leading to β = 0, which we have given in the previous section, are valid also for N f = 2. When looking for the equations for a stationary point (S) of the potentialṼ , indicating as usual with U and X the values of the fields U and X in this point, we can immediately make use, with M being a real diagonal (and, therefore, Hermitian) matrix, of the invariance of the theory under parity (P ) transformations (as already observed in the previous section), which requires that U = U † and X = X † . That is to say, using the parametrization (4.1), η = π a = β = 0. This automatically guarantees the vanishing of the first derivatives of the potentialṼ with respect to the pseudoscalar fields at the stationary point S, i.e., Moreover, the vanishing, at the stationary point (S), of the derivatives of Eq. (4.2) with respect to the fields δ a (a = 1, 2, 3), gives the following three equations:
For a = 1 and a = 2, using the fact that c 1 > 0 and α > 0 (or, more generally, c 1 α > 0; see the discussion in the previous section, which can be easily extended also to the case N f = 2 considered here), one immediately finds the solution δ 1 = δ 2 = 0. Let us also observe that, in the chiral limit m u = m d = 0, or, more generally, in the limit of equal quark masses m u = m d , one also has δ 3 = 0 so that U = σ √ 2 I, which is invariant under the SU(2) V (isospin) symmetry, as it must be. So, finally, we are left with the following three equations for the values α, σ and δ ≡ δ 3 :
It is easy to see that Eqs. (4.5) admit the following solution (at the first nontrivial order in the quark masses m u and m d ),
which, in the chiral limit m u = m d = 0, reduces to
signalling that the SU(N f ) L ⊗ SU(N f ) R chiral symmetry is restored, while the U(1) axial symmetry is broken by the U(1) axial condensate X.
To see if this stationary point is a minimum of the potential (and, eventually, in order to derive the mass spectrum of the effective Lagrangian), we must study the matrix of the second derivatives (Hessian) of the potentialṼ with respect to the fields at the stationary point S. By virtue of the parity invariance of the theory, one immediately has that the mixed second derivatives ofṼ with respect to a scalar field and a pseudoscalar field vanish at the stationary point S, as one can easily verify using Eqs. (4.2) and (3.3). In other words, the scalar sector (h X , σ, δ) and the pseudoscalar sector (S X , η, π) are decoupled in the matrix of the second derivatives ofṼ at the stationary point S, and, therefore, they can be studied separately.
A. Scalar sector
From Eqs. (4.2) and (3.3), it comes out that the Hessian matrix (evaluated at the stationary point S) is already diagonal with respect to the fields δ 1 and δ 2 , with a common value of the squared masses given by
The Hessian of the remaining scalar fields (h X , σ, δ 3 ) turns out to be
where ∆ σ ≡ 3 2
, the Hessian matrix of the scalar fields (h X , σ, δ) turns out to be diagonal, with squared masses given by
(4.10)
B. Pseudoscalar sector
From Eqs. (4.2) and (3.3), it comes out that the Hessian matrix (evaluated at the stationary point S) is already diagonal with respect to the fields π 1 and π 2 , with a common value of the squared masses given by
The Hessian of the remaining pseudoscalar fields (S X , η, π 3 ) turns out to be
. Therefore, in the chiral limit m u = m d = 0, see Eq. (4.7), the Hessian matrix of the pseudoscalar fields (S X , η, π) turns out to be diagonal, with squared masses given by
Therefore, in the case N f = 2, the restoration of the SU(2) L ⊗ SU(2) R chiral symmetry manifests itself in the appearance, in the mass spectrum of the effective Lagrangian, of twochiral multiplets (
Instead, the squared masses of themesonic excitations belonging to a same U(1) chiral multiplet, such as (σ, η) and ( π, δ), remain split by the quantity 15) proportional to the U(1) axial condensate. This result is to be contrasted with the corresponding result obtained in the previous section for the N f ≥ 3 case, see Eq. (3.9), in which all (scalar and pseudoscalar)mesonic excitations (described by the field U) turned out to be degenerate, with squared masses
π . We must now make an important remark about the solution (4.7) that we have found. From the results (4.10) and (4.13) we see that this stationary point is a minimum of the potential, provided that λ 2 π B 2 π > c 1 F X ; otherwise, the Hessian evaluated at the stationary point would not be positive definite, being
π < 0, the condition for the stationary point (4.7) to be a minimum can be written as
In other words, assuming c 1 F X > 0 and approximately constant (as a function of the temperature T ) around T ρπ , we have that the stationary point (4.7) is a solution, i.e., a minimum of the potential, not immediately above T ρπ , where the parameter ρ π vanishes (see Table 1 ) and G π is positive, but (assuming that λ
π becomes large enough increasing T , starting from λ 2 π B 2 π = 0 at T = T ρπ ) only for temperatures that are sufficiently higher than T ρπ , so that the condition (4.16) is satisfied, i.e., only for T > T c , where T c is defined by the condition G π (T = T c ) = 0, and it is just what we can call the chiral transition temperature. In fact, for T > T c the solution (4.7) is valid, and the SU(2) L ⊗ SU(2) R chiral symmetry is restored. Therefore, differently from the case N f ≥ 3 discussed in the previous section, where T c ≡ T ρπ , we have here that T c > T ρπ . Now the question is as follows: What happens for T ρπ < T < T c ? C. Study of the solution for T ρπ < T < T c One immediately sees that, when
Eqs. (4.5) also admit the solution (in the chiral limit
with α defined implicitly by the third equation in Eqs. (4.5), i.e.,
This solution, being of the form U = σ 0 √ 2 I, with σ 0 > 0, spontaneously breaks the chiral symmetry down to the vectorial subgroup U(2) V . It is easy to verify that, by virtue of the condition (4.17), Eq. (4.19) admits a unique solution such that α ≥
[where the last inequality comes from the condition (4.17)], thus leading to a well-defined solution (4.18) for σ. When, in particular, G π = 0 (i.e., when T = T c ), then the solution coincides with Eq. (4.7), being α =
and σ = δ = 0. Instead, for G π > 0 (i.e., for T < T c ),one has that α >
and σ > 0. By studying the matrix of the second derivatives of the potential, calculated in this stationary point, one immediately verifies that this solution is a minimum of the potential and that the masses of the pseudoscalarexcitations π a (the pions) vanish; i.e., the π a are the three Goldstone bosons coming from the breaking of SU(2) L ⊗ SU(2) R down to SU(2) V . Obviously, the solution (4.18)-(4.19) continues to be valid also for T < T ρπ , where ρ π ≡ It is well known that, since the derivative of the QCD Hamiltonian with respect to the quark mass m l is the operator q l q l (being δL
, then the corresponding derivative of the vacuum energy represents the vacuum expectation value of q l q l , i.e., the so-called chiral condensate. In terms of the effective Lagrangian, this means 20) where
is the vacuum expectation value of the potential of the effective Lagrangian. Using the fact that β = η = π a = δ 1 = δ 2 = 0, we find, from Eqs. (3.3) and (4.2),
which, when inserted into Eq. (4.20), gives
having used Eqs. (4.5) for the vacuum expectation values σ, δ, and α. Substituting the solutions (4.6) into the expressions (4.22), we find that, for T > T c ,
As we see, the chiral condensate vanishes in the chiral limit m u = m d = 0, signalling the restoring of the chiral symmetry. Concerning the dependence on the quark masses, we observe that, in agreement with what was already found in Ref. [10] for N f ≥ 3, also for the case N f = 2 the expression (4.23) for the chiral condensate comes out to be the sum of two contributions,
, for which the diagrammatic interpretation is rather simple (see Fig. 1 ): the first term O 1 (m l ) corresponds to a diagram with the insertion of a mass operator −m l q l q l , while the second term O 2 ( k =l m k ) clearly corresponds to a diagram with the insertion of the 2N f -quark effective vertex ("γ") associated with the U(1) axial condensate X. Instead, for T < T c , one finds, using the solution (4.18) (with the substitution B 
Comments on the results and conclusions
Let us first summarize the results that we have found.
Chiral symmetry restoration at nonzero temperature is often studied in the framework of the effective Lagrangian (2.1)-(2.3) (see, e.g., Refs. [16, 17, 18, 19] ), written in terms of the (quark-bilinear) mesonic effective field U as (in the chiral limit 
However, as was noticed by Witten [24] , Di Vecchia, and Veneziano [25] , this type of anomalous term does not correctly reproduce the U(1) axial anomaly of the fundamental theory (i.e., of the QCD), which is instead correctly implemented in the effective Lagrangian L 2 , written in Eq. (2.8), which was derived in Refs. [24, 25, 26, 27, 28] . For studying the phase structure of the theory at finite temperature, all the parameters appearing in the effective Lagrangian must be considered as functions of the physical temperature T . However, the anomalous term in Eq. (2.8) makes sense only in the low-temperature phase (T < T c ), and it is singular for T > T c , where the vacuum expectation value of the mesonic field U vanishes. On the contrary, the interaction term L I behaves well both in the low-and high-temperature phases.
To overcome the above-mentioned problems, we have considered a modified effective Lagrangian (which was originally proposed in Refs. [10, 11, 12] and elaborated on in Refs. [13, 14, 15] ), which generalizes the two effective Lagrangians L 1 and L 2 mentioned above, in such a way that it correctly satisfies the transformation property (2.6) under the chiral group but also includes an interaction term containing the determinant of the mesonic field U, of the kind of that in Eq. (2.3), assuming that there is a U(1) A -breaking condensate that (possibly) survives across the chiral transition at T c , staying different from zero up to a temperature T U (1) > T c . The modified effective Lagrangian is written in terms of themesonic effective field U and of the 2N f -quark (exotic) mesonic field X, associated with the U(1) axial condensate, and it is given by Eqs. (2.17)-(2.18). In particular, the potential term V (U, U † , X, X † ), written in Eq. (2.15), contains an interaction term between the U and X fields, i.e.,
, which is very similar to the interaction term L I that we have discussed above for the effective Lagrangian L 1 . Even if this term is not anomalous, being invariant under the chiral group U(N f ) L ⊗ U(N f ) R , by virtue of Eqs. (2.4) and (2.16), nevertheless, if the field X has a (real) nonzero vacuum expectation value X (the U(1) axial condensate), then, writing X = (X + h X )e i S X X (with h X = S X = 0) and expanding in powers of the excitations h X and S X , one recovers, at the leading order, an interaction term of the form L I :
. In Secs. 3 and 4 of this paper, we have analyzed in detail the effects of assuming a nonzero value of the U(1) axial condensate X on the scalar and pseudoscalar mesonic mass spectrum above the chiral transition temperature (T > T c ), both for the case N f ≥ 3 (Sec. 3) and for the case N f = 2 (Sec. 4).
In particular, in the chiral limit M = 0, one has that, for T > T c ,
, see Eq. (3.1), is the parameter appearing in the potential term (2.15)], which means that the SU(N f ) L ⊗ SU(N f ) R chiral symmetry is restored, while the U(1) axial symmetry is broken by the U(1) axial condensate X. Concerning the mass spectrum of the effective Lagrangian, first of all we have two exotic 2N f -quark mesonic excitations, described by the scalar singlet field h X ∼ det(q sL q tR ) + det(q sR q tL ) and by the pseudoscalar singlet field S X ∼ i[det(q sL q tR ) − det(q sR q tL )], with squared masses given by M
. In particular, the physical interpretation of the pseudoscalar singlet excitation S X is rather obvious, and it was already discussed in Ref. [10] ; it is nothing but the would-be Goldstone particle coming from the breaking of the U(1) axial symmetry. In fact, neglecting the anomaly, it has zero mass in the chiral limit of zero quark masses. Yet, considering the anomaly, it acquires a topological squared mass proportional to the topological susceptibility A of the pure YM theory, as required by the Witten-Veneziano mechanism [5, 6] .
In addition, we have the usual 2N 2 fmesonic excitations described by the field U. In the case N f = 2, the restoration of the SU(2) L ⊗ SU(2) R chiral symmetry manifests itself in the appearance, in the mass spectrum of the effective Lagrangian, of twochiral multiplets (
), namely, using for U the parametrization (4.1) in terms of the fields σ, η, δ, and π, (σ, π), with masses M
Instead, the squared masses of themesonic excitations belonging to a same U(1) chiral multiplet, such as (σ, η) and ( π, δ), remain split by the quantity *
proportional to the U(1) axial condensate X =
. This result is to be contrasted with * Since, as we have seen in the previous section, √ 2c 1 X = c 1 F X ≥ 0, where we have also included the equality sign to take into account the limit cases in which c 1 = 0 and/or X = 0 (see the discussion below), Eq. (5.1) implies that M π ≤ M δ , which can be proved to be an exact inequality in QCD (see, e.g., Ref. [32] and references therein).
the corresponding result obtained in Sec. 3 for the N f ≥ 3 case, see Eq. (3.9), where all (scalar and pseudoscalar)mesonic excitations (described by the field U) turned out to be degenerate, with squared masses
π . (The result that we have obtained for N f ≥ 3 is in agreement with the result that was found in Ref. [33] , where simple grouptheoretical arguments were used to demonstrate that in the high-temperature chirally restored phase of QCD with N f massless flavors, all n-point correlation functions of quark bilinears with n < N f are invariant under U(1) axial transformations; in particular, for N f ≥ 3, all two-point correlation functions of quark bilinears are invariant under U(1) axial transformations, and, as a consequence, allmesonic excitations are degenerate.)
This difference in the mass spectrum of themesonic excitations (described by the field U) for T > T c between the case N f = 2 and the case N f ≥ 3 is due to the different role of the interaction term
. . in the two cases. When N f = 2, this term is (at the lowest order) quadratic in the fields U so that it contributes to the squared mass matrix. Instead, when N f ≥ 3, this term is (at the lowest order) an interaction term of order N f in the fields U (e.g., a cubic interaction term for N f = 3) so that, in the chiral limit, when U = 0, it does not affect the masses of themesonic excitations.
Alternatively, we can also explain the difference by using a "diagrammatic" approach, i.e., by considering, for example, the diagrams that contribute to the following quantity D U (1) , defined as the difference between the correlators for the δ + and π + channels:
What happens below and above T c ? For T < T c , in the chiral limit m 1 = . . . m N f = 0, the left-handed and right-handed components of a given light quark flavor can be connected through thechiral condensate, giving rise to a nonzero contribution to the quantity D U (1) (x) in Eq. (5.2). But for T > T c , thechiral condensate is zero, and, therefore, also the quantity D U (1) (x) should be zero for T > T c , unless there is a nonzero U(1) axial condensate X; in that case, one should also consider the diagram with the insertion of the 2N f -quark effective vertex (γ: see Fig. 1 in Sec. 4) associated with the U(1) axial condensate X. For N f = 2, all the left-handed and right-handed components of the up and down quark fields in Eq. (5.2) can be connected through the four-quark effective vertex γ, giving rise to a nonzero contribution to the quantity D U (1) (x). Instead, for N f = 3 the six-quark effective vertex γ also generates a couple of right-handed and left-handed strange quarks, which, for T > T c , can only be connected through the mass operator −m s q s q s , so that (differently from the case N f = 2) this contribution to the quantity D U (1) (x) should vanish in the chiral limit; this implies that, for N f = 3 and T > T c , the δ and π correlators are identical, and, as a consequence, also M δ = M π . This argument can be easily generalized to include also the other meson channels and to the case N f > 3.
Finally, let us see how our results for the mass spectrum compare with the available lattice results. the above-mentioned interaction term, containing the determinant of the mesonic field U, is not present for T > T c . For example, it could be that also the U(1) axial condensate X (like the usual chiral condensate) vanishes at T = T c , i.e., using the notation introduced in Sec. 2 (see Table 1 ), that T U (1) = T c . (Or, even more drastically, it could be that, at least for N f = 2, there is simply no genuine U(1) axial condensate . . . .) In this case, in order to preserve the consistency of our effective model, we should require that also the pure-gauge topological susceptibility A(T ) vanishes immediately above the critical temperature T c ; otherwise, the anomalous term in Eq. (2.18) would be singular above the critical temperature T c , where the vacuum expectation values of the mesonic fields vanish (in the chiral limit M = 0). However, lattice results show that the pure-gauge topological susceptibility A(T ) is approximately constant up to the critical temperature T c , and then it has a sharp decrease above the transition, but it remains different from zero, at least up to ∼ 1.2 T c (this suppression for T > T c , however, increases when increasing the number N c of colors, thus hinting at a vanishing large-N c limit of A(T ) for T > T c , as it was suggested in Ref. [44] . See Ref. [45] for a recent review on these problems.) We recall that, in the Witten-Veneziano mechanism [5, 6] , a (no matter how small) value different from zero for A is related to the breaking of the U(1) axial symmetry, since it implies the existence of a pseudoscalar and flavor-singlet would-be Goldstone particle; thus, a (small) nonzero value of A(T ) for T > T c should imply a (presumably small) nonzero value of the U(1) axial condensate X.
Alternatively, one could of course explain the (possible) vanishing of the coefficient
of the interaction term containing the determinant of the mesonic field U above T c simply by assuming that the coefficient c 1 (possibly) vanishes above T c . (The possibility that c 1 ≡ 0 at every temperature T , including T = 0, must be discarded if we also assume that there is a genuine nonzero U(1) axial condensate X, since, as it was shown in Appendix B of Ref. [15] , this hypothesis would lead to wrong predictions for the pseudoscalar-meson mass spectrum at T = 0.)
In conclusion, further work will be necessary, both from the analytical point of view but especially from the numerical point of view (i.e., by lattice calculations), in order to unveil the persistent mystery of the fate of the U(1) axial symmetry at finite temperature.
